We derive quantum polarization distributions on the Poincaré sphere for two-mode fields as suitable marginals of the standard s-ordered quadrature distributions that include the Wigner function. We compare them with previously introduced distributions directly defined on the sphere from first principles. We apply this approach to some relevant field states such as coherent and number states.
I. INTRODUCTION
Polarization is a crucial ingredient of light in both the classical and quantum domains. However, quantum polarization is mainly addressed in terms of the abstract Hilbertspace logic in a finite-dimensional space. This is rather divorced from the usual language used in the classical domain in terms of the Stokes parameters and the Poincaré sphere. Because of this, we think that it is worth developing and investigating formulations of quantum polarization as distributions on the Poincaré sphere. Such approaches are closer to our common intuition about polarization phenomena, so they can be very helpful in understanding quantum polarization properties.
In this regard we can follow two different routes. On the one hand, we have a direct approach by translating to polarization previously introduced phase-space formalisms for angular momentum and spin variables ͓1-7͔. This is possible because the Stokes parameters ͑the basic variables describing polarization͒ are formally equivalent to an angular momentum. For definiteness we focus on the proposals in Refs. ͓1-5͔ referring to them as SU͑2͒ distributions.
On the other hand, we can derive polarization distributions via suitable marginals of distributions for the complex amplitudes ͑or field quadratures͒ by removing the degrees of freedom irrelevant for the specification of polarization. This is the approach investigated in this work, and we refer to them as marginal distributions. More specifically, we consider proper marginals of s-ordered quadrature distributions that include distinguished particular examples such as the Q, P, and Wigner functions ͓8͔.
There are several reasons supporting the expediency of this approach to quantum polarization. From a practical perspective, we have that polarization distributions provide a feasible approach to examine and measure diverse polarization properties. This is the case of the degree of polarization recently introduced as the distance between the polarization distribution and the uniform distribution associated with unpolarized light ͓9͔. This can be also the case of the proper assessment of polarization correlations derived from the properties of the joint polarization distribution ͓10͔. Polarization correlations are crucial for recently developed applications of quantum theory ͓11͔. Marginals of suitable quadrature distributions have been used also to study phase properties of one-and two-mode quantum field states ͓12͔.
In this regard we may say that marginal distributions provide the most down-to-earth approach to quantum polarization distributions, since, by definition, they are to be obtained exactly in the same way as polarization distributions are derived in classical optics ͓13͔. This is in sharp contrast to SU͑2͒ distributions whose definitions bear no definite relation with optics, being introduced specifically for the description of abstract angular momenta.
Among the large family of quantum phase-space distributions known in physics, the s-ordered distributions are distinguished by their good theoretical and experimental properties. For example, in the context of polarization we have that s-ordered quadrature distributions transform properly under the transformations that represent action of standard polarization changing devices ͓14͔.
From the experimental perspective, s-ordered distributions can be determined in practice by using diverse experimental procedures, such as homodyne and heterodyne detection, tomography, and atom-field interactions, to mention just the most popular and repeatedly carried out experimentally ͓15͔. As a matter of fact, most of these practical schemes are very simple so that their operation can be understood even within a purely classical framework. Moreover, they are robust against experimental imperfections, such as detection inefficiencies, that imply just a change of the value of the s parameter.
This widespread measurability is not matched by any other family of phase-space distributions. This is also in sharp contrast to the case of SU͑2͒ distributions which, to the best of our knowledge, have not been determined experimentally yet. In any case, the theoretical proposals for their practical determination are rather cumbersome and lack the simple and intuitive picture provided by schemes measuring the s-ordered distributions ͓3,16͔.
Finally, s-ordered distributions provide a simple measure of the degree of nonclassical behavior of quantum states ͓17͔.
In Sec. II we derive the main formulas establishing the operator-function correspondence obtained after removing from the quadrature distributions the variables not related to the polarization. In Secs. III and IV we examine their main properties, comparing the marginal distributions with the SU͑2͒ distributions. In Sec. V we apply this approach to some relevant examples of field states such as coherent and number states. Finally, in Sec. VI we examine whether this approach can be used to measure the degree of polarization of quantum fields.
II. MARGINAL DISTRIBUTIONS FOR POLARIZATION
Our starting point is the s-ordered distributions W͑␣ 1 , ␣ 2 ; s͒ for quadrature variables: W͑␣ 1 ,␣ 2 ;s͒ = tr͓T͑␣ 1 ;s͒ T͑␣ 2 ;s͔͒, ͑2.1͒
where is the two-mode density matrix, ␣ 1 and ␣ 2 are the complex amplitudes for each field mode, T͑␣ j ; s͒ is the phase-space point operator ͓8͔,
and a j is the complex amplitude operator for the corresponding field mode. This definition is normalized so that
This includes the Q function ͑s =−1͒, the P function ͑s =1͒, and the Wigner function ͑s =0͒. In order to remove the variables not entering into the idea of polarization ͑i.e., total intensity and global phase͒ we perform the change of variables
In this parametrization r 2 = ͉␣ 1 ͉ 2 + ͉␣ 2 ͉ 2 represents the total intensity, ␦ is a global phase, = arg ␣ 2 − arg ␣ 1 is the phase difference, and tan͑ /2͒ = ͉␣ 2 ͉ / ͉␣ 1 ͉ describes the relative amount of intensity carried by each field mode. The two variables ⍀ = ͑ , ͒ are the parameters defining a polarization state, which can be represented as a point on a unit sphere: the Poincaré sphere. Our first objective is to derive from T͑␣ 1 ; s͒ T͑␣ 2 ; s͒ a family of phase-space point operators ⌬͑⍀ ; s͒ for polarization by removing the other degrees of freedom ͑i.e., r and ␦͒ irrelevant for the specification of polarization state:
This calculation simplifies if we use the good transformation properties of W͑␣ ; s͒ under SU͑2͒ transformations ͑ro-tations on the Poincaré sphere͒ ͓14͔,
where the subscript in W indicates the corresponding operator, U is the unitary operator representing the SU͑2͒ transformation,
U a unitary 2 ϫ 2 complex matrix, and
͑2.9͒
Because of this property, we can always express ⌬͑⍀ ; s͒ as
U͑⍀͒ being the SU͑2͒ transformation with
so that
͑2.12͒
From Eq. ͑2.10͒ we can focus without loss of generality on the north pole =0:
͑2.13͒
This greatly simplifies the problem since now the removal of r and ␦ is performed just on the mode a 1 .
This removal is further simplified by evaluating T͑␣ 1 ; s͒ on the quadrature coherent states ͉␤͘, with a 1 ͉␤͘ = ␤͉␤͘. In such a case,
͑2.15͒
where I 0 is the modified Bessel function of first kind and zero order. Finally, the r integration gives
͑2.16͒
Therefore,
Finally, since
we get from Eq. ͑2.10͒ that
͑2.19͒
where ⍀ is the three-dimensional real vector, ⍀ = sin cos sin sin cos ,
͑2.20͒
and S 0 and S are the Stokes operators:
͑2.21͒
III. PROPERTIES AND COMPARISON WITH SU(2) DISTRIBUTIONS
It can be appreciated that the phase-space point operators ⌬͑⍀ ; s͒ in Eq. ͑2.19͒ commute with the total photon-number operator ͓⌬͑⍀ ; s͒ , S 0 ͔ = 0 so that ⌬͑⍀ ; s͒ leave invariant the subspaces with fixed total number of photons N. Therefore we have
where ⌬ ͑N͒ ͑⍀ ; s͒ is the restriction of ⌬͑⍀ ; s͒ to subspaces of fixed total photon number N.
The operators ⌬ ͑N͒ ͑⍀ ; s͒ provide a new phase-space formulation of quantum physics on the sphere for finitedimensional systems of arbitrary dimension N + 1. The finitedimensional spaces are often regarded as describing an arbitrary angular momentum j with j 2 = j͑j +1͒ ͑in units in which ប =1͒. The approach developed above can be recast in this language simply by performing the replacements j = S 0 / 2 and j = S / 2, along with the following relation between number states ͉n 1 ͘ 1 ͉n 2 ͘ 2 and the eigenstates ͉j , m͘ of j 2 and j z :
The phase-space approach provided by ⌬ ͑N͒ ͑⍀ ; s͒ does not coincide in general with previously introduced phasespace formalisms for finite-dimensional systems. More specifically, we focus on the angular analogs of the quadrature s-ordered distributions, W͑⍀;s͒ = tr͓⌳ ͑j͒ ͑⍀;s͔͒, ͑3.3͒
with ͓1-3͔ so that ⌳ ͑j͒ ͑⍀ ;−1͒ = ⌬ ͑2j͒ ͑⍀ ;−1͒ are given by projection on the SU͑2͒ coherent states ͓5͔. This is the definition of the SU͑2͒ Q function ͓5,9,10͔.
For s −1 the discrepancy between ⌬ ͑N͒ ͑⍀ ; s͒ and ⌳ ͑j͒ ͑⍀ ; s͒ is clearly revealed when comparing their spectra. The spectra can be easily computed for = 0 since in such a case both ⌬ ͑N͒ ͑0;s͒ and ⌳ ͑j͒ ͑0;s͒ are diagonal in the ͉j , m͘ basis, 
͑3.8͒
In Fig. 1 we represent the spectra for 2j = N = 40 and s = 0 , ± 0.05. Note that they tend to be rather similar for s Ͻ 0 while they become very dissimilar for s ജ 0.
The marginal distributions ͑2.19͒ inherit the good transformation properties of the quadrature distributions ͑2.7͒ under SU͑2͒ transformations since
where V t is the transpose of the matrix V defined by the relation
This transformation law is also satisfied by the SU͑2͒ distributions ͓1-3͔.
There is another property that is not inherited. This is the proportionality between phase-space averages and Hilbertspace traces. For quadrature distributions it holds that ͓8͔ This possibility is developed in Sec. IV. On the other hand, there is the possibility of using the marginal Wigner function to measure the degree of polarization of quantum states, as discussed in Sec. VI.
IV. DUAL DISTRIBUTIONS
The strategy addressed in this work actually defines two phase-space formalisms. In addition to the correspondence defined above, W͑⍀ ; s͒ =tr͓A⌬͑⍀ ; s͔͒ we can devise a dual definition W ͑⍀ ; s͒ that emerges when expressing every observable A commuting with S 0 as an expansion of the form A = ͵ d⍀W ͑⍀;− s͒⌬͑⍀;s͒.
͑4.1͒
Assuming a linear relationship between operators and functions, W ͑⍀;s͒ = tr͓A⌬ ͑⍀;s͔͒, ͑4.2͒
we have that the dual operators ⌬ ͑⍀ ; s͒ should be determined by the consistency condition A = ͵ d⍀tr͓A⌬ ͑⍀;− s͔͒⌬͑⍀;s͒, ͑4.3͒ leading to ͵ d⍀͗j,p͉⌬ ͑⍀;− s͉͒j,m͗͘j,k͉⌬͑⍀;s͉͒j,q͘ = ␦ p,q ␦ m,k .
͑4.4͒
If these equations can be solved, then Eq. ͑4.1͒ holds for every A commuting with S 0 . Moreover, given the explicit symmetry in Eq. ͑4.4͒ between ⌬ and ⌬ , the fulfillment of Eq. ͑4.4͒ also allows us to express A in the form A = ͵ d⍀W͑⍀;− s͒⌬ ͑⍀;s͒.
͑4.5͒
In the next section we will solve Eqs. ͑4.4͒ for j =1/2 and j =1. For quadrature and SU͑2͒ distributions the direct and dual definitions coincide: T ͑␣ ; s͒ = T͑␣ ; s͒ ͓8͔ and ⌳ ͑⍀ ; s͒ = ⌳͑⍀ ; s͒ ͓3͔. However, we have found no general relation of this kind between ⌬ ͑⍀ ; s͒ and ⌬͑⍀ ; s͒ ͑leaving aside the simplest two-dimensional case j = N /2=1/2 examined below͒. 
͑4.8͒
This is the angular analog of the convolution relation between quadrature distributions ͓8͔. A similar relation holds for the SU͑2͒ distributions ͓3,4͔.
V. EXAMPLES
Next we illustrate the results of the previous sections by particularizing them to SU͑2͒ coherent states, number states, and one-photon and two-photon states.
A. SU(2) coherent states
For SU͑2͒ coherent states we can take advantage of the SU͑2͒ covariance by considering without loss of generality the case ͉n͘ 1 ͉0͘ 2 which corresponds to a SU͑2͒ coherent state centered at the north pole of the Poincaré sphere. The evaluation of the distribution simplifies if we express Eq. ͑2.19͒ in the form
where a 1 ͑⍀͒ = Ua 1 U † and a 2 ͑⍀͒ = Ua 2 U † are given by Eq. ͑2.18͒. The mean value of ⌬͑⍀ ; s͒ in the state ͉n͘ 1 ͉0͘ 2 can be easily evaluated taking into account that mode a 2 is in vacuum and using the general relation
where : : denotes normal order. This leads to
On the other hand, the expression for the SU͑2͒ distribution is
͑5.4͒
where P ᐉ are the Legendre polynomials. In spite of the fact that these expressions are seemingly very different, for s = 0 they are practically indistinguishable even for small photon numbers. The particular examples n =1,2 are examined below.
B. Number states
For general number states ͉n 1 ͘ 1 ͉n 2 ͘ 2 the expression for the SU͑2͒ distribution is
͑2ᐉ + 1͒ ͗j,m;ᐉ,0͉j,m͘ ͗j, j;ᐉ,0͉j, j͘ s P ᐉ ͑cos ͒, ͑5.5͒
Unfortunately we have found no simple closed expression for the marginal distributions when n 1 n 2 0. Nevertheless, numerical calculations are simple. In Fig. 2 we represent the SU͑2͒ ͑dotted line͒ and marginal ͑solid line͒ Wigner functions ͑s =0͒ for the number state ͉10͘ 1 ͉10͘ 2 . It can be appreciated that both distributions are very similar.
C. One-photon states
The subspace with just one photon shared by two field modes is spanned by the number states 
In this basis we get
where are the three Pauli matrices. Every one-photon density matrix can be expressed as
where v is a real vector with v ഛ 1. For ͉v͉ = 1 we get pure states that are all them SU͑2͒ coherent states. The associated polarization distributions are
and in this last expression we have normalized W ͑⍀ ; s͒ so that ͵ d⍀W ͑⍀;s͒ = 1.
͑5.11͒
In this particular case there is a simple relation between the marginal and the SU͑2͒ distributions in the form ⌬͑⍀;s͒ = ⌳͑⍀;sЈ͒, sЈ = 2 ln 3 ln 2 1 − s − 1. ͑5.12͒
Furthermore, there is also a simple relation between marginal and dual distributions:
D. Two-photon states
The subspace with two photons shared by two field modes is spanned by the number states
͑5.14͒
In this basis we get the following matrix elements for the marginal phase-space point operators ⌬͑⍀ ; s͒:
͗±1͉⌬͑⍀;s͉͒ ± 1͘ = 1 4͑s − 1͒ 2 ͓s͑s − 2͒ ϯ 2͑2s − 1͒cos 
VI. DEGREE OF POLARIZATION
In classical optics the degree of polarization is measured in terms of the Stokes parameters, being proportional to ͉͗S͉͘. However, there are many situations where this does not reflect the polarization properties of the quantum states of light. For example, there are many quantum states for which ͗S͘ = 0 that are not unpolarized. This is the case of the number states ͉n͘ 1 ͉n͘ 2 . Moreover, the classical degree of polarization depends only on second-order correlations of the field amplitudes. However, in quantum optics higher-order correlations can be crucial. This is the case of polarization squeezing, which is defined in terms of the fluctuations of the Stokes operators instead of their mean values ͓9,18,19͔.
To avoid these shortcomings of the classic definition we have recently introduced a measure of polarization as the distance between the polarization distribution and the uniform distribution associated with fully unpolarized light, W unpol ͑⍀ ; s͒ =1/͑4͒ ͓9͔.
As a suitable polarization distribution we have considered the marginal Q function ͓which is the only case that coincides with the corresponding SU͑2͒ distribution͔. We can measure the distance to fully unpolarized light in the form
͑6.1͒
In principle we might have considered another distribution, such as the SU͑2͒ Wigner function W͑⍀ ;0͒, for example. However, this is not a suitable choice since, because of property ͑3.12͒, the integration of the square of the Wigner function only depends on the trace of the square of the density matrix, so this is just a measure of purity rather than a measure of polarization. For example, it would take exactly the same value for all pure states, so it can hardly be related to polarization properties.
In this work we have found another polarization Wigner function W͑⍀ ;0͒ that does not encounter this difficulty, as discussed at the end of Sec. III. In principle, this distribution may be used in order to assess the degree of polarization in the form
͑6.2͒
Next we examine this possibility.
In Fig. 5 we represent DЈ for SU͑2͒ coherent states ͉n͘ 1 ͉0͘ 2 ͑squares͒ and number states ͉n /2͘ 1 ͉n /2͘ 2 ͑triangles͒ as functions of the total number of photons n. It can be appreciated that the degree of polarization increases almost linearly with n in both cases. The rate of increase of DЈ is faster for the number states ͉n /2͘ 1 ͉n /2͘ 2 . This contradicts the result obtained when using the Q function which predicts
These functions are represented in Fig. 6 where it can be appreciated that the degree of polarization, D, increases faster for the SU͑2͒ coherent states ͉n͘ 1 ͉0͘ 2 . We think that there are reasons supporting the conjecture that the definition based on the Q function provides the right result. The equivalence between phase-space averages and Hilbert-space traces satisfied by the quadrature Wigner function imposes the condition that most states must have Wigner functions with negative values ͑since the phase-space average of the product of orthogonal states must vanish͒. Since the distributions are always normalized,
the negative values of W͑⍀ ;0͒ must be compensated for by larger positive values in order to preserve the normalization. This implies strong oscillations that move the distribution away from the unpolarized constant value 1 / ͑4͒. This increases the degree of polarization. On the other hand, the Q function does not experience this enlarged oscillation since it remains always positive.
In Fig. 7 we represent W͑⍀ ;−1͒ and W͑⍀ ;0͒ for the state ͉n /2͘ 1 ͉n /2͘ 2 with n = 20 photons. This plot illustrates the negative values and strong oscillations of the Wigner function in comparison with the Q function.
Therefore, the structural properties of the Wigner functions would artificially increase the degree of polarization of states with nonpositive Wigner functions. Therefore, we think that the degree of polarization is better measured by using the Q function since it is the only distribution that is non-negative for all states, being closer to the usual understanding of polarization distribution.
VII. CONCLUSIONS
We have provided a route to define quantum phase-space formalisms for polarization on the Poincaré sphere, as suitable marginals of s-ordered operator-function correspondences for quadrature variables.
We have shown that this procedure defines polarization distributions that are different from the approaches introduce so far ͑leaving aside the case of the Q function͒. Nevertheless, we have found that for all the cases examined the marginal Wigner distribution is very similar to the SU͑2͒ Wigner function.
The results obtained in this work can have interesting experimental consequences. On the one hand, the marginals derived from s-ordered distributions provide simple accessible experimental procedures for determining polarization properties. For example, this includes recently introduced measures of degree of polarization and polarization correlations ͓9,10͔. In particular, polarization correlations provide a fundamental example of experimentally generated entanglement with applications in rapidly developing areas such as quantum computation and cryptography ͓11͔. Another practical consequence of this approach to be elaborated elsewhere is the study and detection of nonclassical properties of field states, since they are generally expressed as negative values for s-ordered distributions ͓17͔. 
